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Basic Objectives of Normal Mode Theory

 Reducethe equations of motion of a multi-
degree-of-freedom dynamic system to a single
degree-of-freedom system on a mode by mode
basis.

 Thetheory isthe basisof DDAM shock analysis
and seismic analyses of structures.

 Asused in these analyses, freguencies and
mode shapes ar e calculated without damping.

« DDAM assumes no damping in the Shock
Spectrum inputs; seismic analysesincludes
damping in the Spectrum Response cur ves.



Damping

e Forcesfrom linear viscous damping are
assumed proportional to the velocity.

F =cv=cX
dt

e Most fluid damping will vary asthe
velocity squared- equations are
nonlinear. Coulomb is aso nonlinear

F, =CV°



More on Damping

Structural Damping. Energy dissipated Is
proportional to displacement squared.

W =aX?
a

C =—
eq OW

e For linear viscousdamping, Cisa
constant.



M ore on Damping

* Thelinear viscous damping, C isa an
approximation to the energy loss.

« DDAM assumes no damping because in
many areas of a ship, the peak shock
spectrum value at typical freguencies
occurs early and normal damping of
structures of 2%-5% Isnot significant.

e However on masts and antennasit iIsa
different story — peaks occurslatein time.




Commentson DDAM
 Normal Mode Theory isthe basis of DDAM.

» 2D Theory - Input and Response arein the same
direction.

* Three dimensional theory isnormally used.

 |[nput in one direction and response in all DOF.
 No damping in DDAM Normal Mode Theory.

e Can add damping to the spectrum response cur ves.

e System must be linear —no gapsor nonlinear springs.

e Same input at all foundation points.




Orthogonality

Orthogonality isused to break down the equations
of motion in a MDOF system into a SDOF in each
mode of vibration.

Thetime-history response can be calculated on a
mode-by-mode basis.

A shock or response spectrum isthe peak
response of the input motion at a particular
frequency.

Once a spectrum Input isintroduced, the time of
the peak response in each modeislost.



Natural Freguencies
Equations of Motion:

M {x@}+[K{x®)}=0

Assume

{x®)} ={X}sinwt

Substituting

w?[M}X}=[K X}



Natural Frequencies

Thenatural frequencies can befound in a
number of ways. Oneisto solve the Freguency
deter minant.

m]- - [K]{X}=0

From this N-mass system, N natural
frequencies, w,, and N mode shapes or
eigenvectors, {)7 } .can be found.

a
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Orthogonality of the Normal M odes
wi [mfx,} =[kf{x,}
wi[mfx, } =[kfx.}

. . _ — \t
Premultiply the first equation by{Xa}

and the second equation by. {Xb}t
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w{ X} [ Rof ={ % (K %)

W%} [l X} ={%} (kI X



Orthogonality Continued

[AllBlic]l = [c['[B]'[A

Themassand stiffness matrices are symmetric
M[ =[m]and[K] =[K]

ol [mi{ %} ={ %} [k %,
wi{%} [mf{x }={%,} [kx.}



Orthogonality Continued

P Il =R kKR

) ) =) K

Subtraction yieldsthe following

w2 - wa Y%} [mf{x,}= 0



Orthogonality Continued

Thus, for any two modes, a and b.
{)_(a}t[M ]{)—(b}: O
{)Ta}t[K ]{Yb}: 0

If [M] isdiagonal,

a X.%,m=0



Orthogonality Continued

Consider the three mass system with
a diagonal mass matrix:

| X, 0 émn 0 O0ul X,U

o | @& ul s | _

[ Koy g0 M 0 Xopy=

%Xsai:) g0 O mBH':\XSbi)
ém, X, U

Va Va S 1. o U

{Xla XZa Xsa}émzizbl]:
aMs X g, H

mlilb Xla T m2>z2b>?2a T rT‘l3>z3b >—<3a
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Orthogonality Continued

If the mass matrix is diagonal, summation
notation can be used.

é. Xiaiibm =0

I
A useful identity Is developed from

wlM X =[x
W M =X HR)



Orthogonality Continued

I /
. Modal Vibrations

Springs ‘=




Orthogonality (Continued)
M ode Shape Perpendicular to Each Other

én 0 Ou él O Ou
[M]_?o m o“ meO 1 o” ull
g0 O mg @o 0 1g
Thus

(%} M [{x}={x}{%}=0

Two vector are orthogonal ( at right angles) If

1%, J'1%} =0
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Two Usual Method to Normalize M ode
Shapes
1. TheMaximum valueis1.

2. Thematrix product below is1
{x.}'[M [{x.}=k:

If each element of the mode shapeisdivided by k_

g[

—) — —
= ‘ |
—) — m—

X, U
kb
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M odal Expansion

The expansion theorem shown below isthe basis
of Normal Mode Theory. Basically it isstating
that any motion {x(t)} can be expressed asthe
sum of the modal contributions. q,(t) isthe modal
displacement, an amplifier on the mode shape
that varieswith time, to yield thereal
displacement {x(t)}.

(xt)} = & {XJa.t

a=1
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= Xlaqa T leqb
= XZaqa T ><qub

|X1u eXla lew g, U

] ng eXZa 2b Gi ng
or inverting themod al matrix

| qa (t)u exla

X, u
Iqb(t)% eXZa X H

More on Modal Displacements
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Response to Base M otion

The equations of motion can be written as

MK} +[KEx)} =- M)

wher e J

{x(©)} = & {X.}a.0
and a:l

{x(0)} = & {X.}a.0

a=1

1A {%Ja.0+([K]& {XJo.0 =- MJiz



Responseto Base M otion

M ]éill{?a} (1) + [K]él{fa}qa(t) =-[Mfg2)
Premultiply by a particular mode shape, {)Tb}t
(X IMEX S0 +Xf [KEX a0 = - {%,f M2

Because of orthogonality, all modes but one are
eliminated from the equations of motion. But,

w2 MEX }=[KEX.}
wWAX S MAX =X S [KEXY



Modal Participation Factor, P,

(Xof IME X Je, 0+ Xof [ME X, 0) =- { X, [MF )
(X} MK,
|

G, (t) +W§qo(t) — - {>—( }t[M]{>—(

The Participation Factor, P, Isdefined as.

> = 1%/ [Mf3
T XS MEX)

Gy, (1) +szqb(t) = - B Z(t)
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Modal TimeHistory

Gy, (1) +szqb(t) = - B Z(t)

The solution to this equation of motion can be
written as:

(1) = - - 2 )sinw (£ - )
And Xx(t)

{x®}=- & blN{ }Vt—béza)sinwb(t-t)dt
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Modal Time-History (Continued)

Modal time-history of mass point deflections cam
be calculated from many FEA programs such as
NASTRAN. Thenumber of modesto beincluded
can be specified. Of course, an eigenvalue
solution must be calculated first. A direct
Integration of the equations of motion isusually
used because it Ischeaper. Forcescan be
determined from the stiffness matrix.

{F @O} ={KKx(®)}
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Spectrum I nputs

(1) = - 2 2(t )sinw, (t- t )dt
Wb

The maximum value of the integral aboveisthe
Spectrum Velocity

V, = |(§Z(t ysinw,(t-t)dt|
all t
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Spectrum | nputs

The maximum physical displacementsfor mode b
can bewritten as:

{Xb} = {Xb}%

where

P

— b
b

And the dynamic forcesare

{Fb} = [K]{Xb} = [K]{Xb}% )




Modal Summation M ethods

There arethree common summation methods for
for ces, stresses displacements etc, deter mined
from a spectrum input:

1. Absolute sum X = é ‘Xib‘
b

2 SRSS X :\/é X
b

3. NRL Sum X = Xib‘max +\/é XiZL:)' (Xib‘max)2
b



Forces at M ass Points

{(FO}=-[M]& {X.w,R 2t )sinw, (t- t)dt

b=1,N

For mass“1” and mode b, theforceis
Fip(t) = - rniiibwbpbéz(t )sinw,(t-t)dt
Using the spectrum velocity for Duhamel’ s integr al

Fib‘max = m Xibwb BV,
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Forces at M ass Points
Application of a G-Load, A,

VW,
9

Since A =

Theforceat a mass point becomes:

Fib‘ = M ZbWbeVb

Max

Fib‘ :VViXibeAb

Mmax
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Modal G-Load at Each M ass

Fib‘ :V\/iiibeAb

Mmax

Ap = Fib‘max = ZbeAa
W

TheNRL Sum isused to “ combine’” modes



Concept of a Modal Mass




Reaction to the Foundation(s)

{(FO}=-[M]& {X,Jw,R Q) sinw,(t-t)dt

=1,N
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Concept of a Modal M ass, (Continued)

The force acting on each mass, my, i each mode, 4,

I

Fo=—-mI o F |Eriane ({ —1)dr (2.113

a1

Thus, by sumiung all forces i a mode, the total dynatae force
acting on the foundation can be determined as:

F,=->F, (2.114)

36



Concept of a M odal M ass, (Continued)
[Zm,r .T-'] !z{f}smm (f— cdde 2115

If Eq (2.115) 1= compared to the smgle-degree-of-freedom systan

r

F = mm!ﬂ{r}smm(f —¢)ds

I ci be seen that the tenbs I the parertbeces bumre umits of mass. Lettinge

M,=2>mx P

M = (Xmr.)
- 2mE



Concept of a Modal Mass, (Continued)




Generalized ver sus M odal M ass

\2

s —
ea |amu
M — ei=1
2 o
a ><iarn

1=1

o
Ivlgenera]ized = a. Xizzim
=1
Also, It can be shown that

aQ M, =3 m =total mass

39



Concept of a Modal Mass, (Continued)
o)

the total fore e Ca be rewTie o

r

F.= M., [d(x)sine, (¢~ )ds
S IrlCe
2.7 P =1
it o be seen tha
XM =22mrF=2m

Thoas , the oo of the moded meeses is equal to the amn of the smacomd 40
i) L



Concept of a Modal Mass, (Summary)

A linear undamped dynamic system with N-
masses can be presented by N SDOF systems
each with amodal frequency and modal mass.

e The reaction to the foundation is identical to the
origina system.

 The equations above assume a diagonal mass
matrix.

* In DDAM, the ONLY use for the modal mass s
to determine the shock input, V,and A,
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Basic Stepsin DDAM

. Cdculate the natural freguencies and mode
shapes.

. Calculate the modal masses, M, and include
enough modes so that,

M. 2 0.809 m

. Determine the design spectrum inputs for each
mode, V,, and A,

. Cdculate the forces on each mass for each mode.
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Basic Stepsin DDAM

. Cdculate the modal forces and/or stresses on each

spring, beam or element.

. Cdculate the NRL sum of the forces or stressses.

. Add the dynamic shock stresses to operational
forces or stresses.

. Compare values to allowable values.



Commentson 3D NMT used in DDAM

. Input in onedirection can cause responsesin all directions.

. Thedirection of the modal participation factor and input are
Identical.

. Shock spectrum inputs can be specified for the Duhamel’s
Integral.

. Thesum of all modal massesin the direction of the input equals
thetotal mass. Again at least enough modesto reach 80% of the
total mass must be used in each direction.

. Theeffective massin therthdirection for input in the s-direction
: s

is M.

. Thesum of thecrosstermsis zero é M;S =(Q.

a



